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Abstract. The Stone spectrum of a von Neumann algebra is a generalization 
of the Gelfand spectrum, as was shown by de Groote. In this article we clarify 
the structure of the Stone spectra of von Neumann algebras of type /„ . 



1. Introduction 

In a new approach tying together classical and quantum observables, de Groote 
has developed the theory of Stone spectra of lattices and observable functions. In 
this section, we will give the relevant definitions and cite some of de Groote's results. 
For details, the reader is referred to de Groote's work [deGOll fdeGOSj . 

When speaking of a lattice, we will always mean a cr-complete lattice at least. A 
lattice L always has a zero element and a unit element 1. The starting point is the 
new notion of a quasipoint of a lattice, which is nothing but a maximal filter base, 
generalizing to arbitrary lattices what Stone did in the 1930s for Boolean algebras 
|Sto36|: 

Definition 1. A subset ^ of a lattice L is called a quasipoint of L if it has the 

following properties: 

(i) i S, 

(ii) Va, 6 e » 3c e *B : c < a A 6, 

(iii) *B is maximal with respect to (i) and (ii). 

It is easily seen that for a quasipoint 58 of the lattice L, we have 

Va G *B V6 G L : (a < 6 =^ 6 G »). 

In particular, Va, 6 G25:aA6GS, so quasipoints are maximal dual ideals also 
[Bir73 . The set of quasipoints of a lattice L is denoted by Q(L) and is equipped 
with a natural topology (also inspired by Stone): for a G L, let 

Qa(L) := {» G Q(L) I a G »}. 

Obviously, we have 

QaAfc(L) = Qa(L) n Qb(L), 

SO { Qa (L) I a G L} is the base of a topology on L. 

Definition 2. The set Q(IL) of quasipoints of a lattice!^, equipped with the topology 
given by the sets Qa(IL) defined above, is called the Stone spectrum of the lattice 
L. 
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One can show that the Stone spectrum Q(L) is a zero-dnTiensional, completely 
regular HausdorfF space. For the example L = h{H), the lattice of closed subspaces 
of a complex separable Hilbert space H, Q(IL) is not compact if dimTY > 1. If 7i 
is infinite-dimensional, then Q(L) is not even locally compact |deG01j . The lattice 
L(?i) plays an important role in the foundations of quantum theory, which was 
first recognized by Birkhoff and von Neumann Birv Neii36j . L(7i) is isomorphic 
the V{H), the lattice of projections onto closed subspaces of H. 

Let TZ he a. unital von Neumann algebra, given as a subalgebra of the algebra 
£(7i) of bounded operators on some Hilbert space H. The Stone spectrum Q{TZ) 
of TZ means the Stone spectrum Q{V{TZ)) of the projection lattice V{TZ) of TZ. In 
quantum theory, including quantum mechanics in the von Neumann representation, 
quantum field theory and quantum information theory, observables are represented 
by self-adjoint operators A in some von Neumann algebra TZ, the algebra of observ- 
ables. The set of observables TZsa forms a real linear space in the algebra TZ. 

De Groote shows that if TZ is abelian, there is a homeomorphism between the 
Stone spectrum Q{TZ) — Q{V{TZ)) and the Gelfand spectrum il{TZ) oiTZ. Hence, for 
an arbitrary von Neumann algebra TZ, the Stone spectrum Q(JZ) is a generalization 
of the Gelfand spectrum. 

Observable functions are introduced in the following way: 

Definition 3. Let A e TZsa, and let — {E^)\^^ be the spectral family of A. 
The function 

fA : QiTl) M 

defined by 

fAm :=inf{AeR I e ^} 

is called the observable function corresponding to A. Ob{TZ) :— {fA \ A e 
TZsa} denotes the set of observable functions of TZ. 

One can show that the image of fA is the spectrum of A. Observable functions 
are continuous functions, so 

Ob{TZ)<zCb{Q{TZ),m.), 

where Cb(Q(7?.),R) denotes the set of continuous bounded real- valued functions 
on the Stone spectrum QiJZ) of TZ. De Groote shows that equality only holds for 
abelian von Neumann algebras TZ. Moreover, if TZ is abelian, then the observable 
functions turn out to be the Gelfand transforms of the self-adjoint elements of TZ, 
so for an arbitrary von Neumann algebra, the observable functions are generalized 
Gelfand transforms. 

There are many more results on Stone spectra and observable functions and 
their relation to physics 'deGOl , deG05J. For example, observable functions can be 
characterized intrinsically, without reference to self-adjoint operators. Stone spectra 
also play some role in the proof of the generalized Kochen-Specker theorem, which 
is an important no-go theorem on hidden variables in quantum theory |KocSpe67| 
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The elements of the Stone spectrum Q(TV), the quasipoints, are defined using 
Zorn's lemma. As usual, it is not easy to get some intuition of such objects. Some 
extra structure of the von Neumann algebra is needed to clarify the properties of 
the quasipoints and the Stone spectrum. The quasipoints and the Stone spectrum 
of type- /„ -/actors TZ — C{7i), where dimTi = n G {0,1,...} is finite, are known 
[deGOlj . We need the following: an isolated point 05 of the Stone spectrum Q{TZ) 
is called an atomic quasipoint. If 7?. = C{TL), then the atomic quasipoints of 'P{TZ){= 
■p(7i)) are of the form 

"Be. = {Pe Tin) I P > PcJ, 

where x Ti., \x\ — 1 and Pc^ is the projection onto the line Ca;. While for infinite- 
dimensional 7i, V{Ti.) also has non-atomic quasipoints, for finite-dimensional Ti, the 
situation is simple: 

Proposition 4. // Ti is finite- dimensional, there are only atomic quasipoints in 
V{Ti.), and we have 

Q{r{n))^{^cx \ x€S^H)}, 

where S^{Ti.) denotes the unit sphere in Hilbert space. For finite- dimensional Ti., 
V{Ti.) ~ L(7i) is the projection lattice V{TZ) of a type /„ factor TZ, where n = dim Ti. 
This type In factor simply is represented as M„(C), the n x n complex matrices 
acting on Ti.. 

Of course, the inner product ofTi plays no role here, but only the linear structure, 
so we have also characterized the quasipoints of the lattice of subspaces of a finite- 
dimensional vector space. 

There were no results on the structure of quasipoints and Stone spectra of more 
general von Neumann algebras up to now. In this article, we will examine von 
Neumann algebras of type /„ for finite n. Type /„ algebras include all von Neumann 
algebras on finite-dimensional Hilbert spaces and all abelian von Neumann algebras. 
(The latter are of those of type /i .) We will make use of the fact that such an algebra 
is of the form M„(y^), where A is the center of TZ. Note that while TZ ~ M„(^) 
is given by "finite" n x n-matrices, the center A oi TZ may be represented on an 
infinite-dimensional Hilbert space. 

Drawing on a result on abelian quasipoints (sectionl^J, i.e. quasipoints containing 
an abelian projection, a fairly complete characterization of the Stone spectrum of 
a type algebra is obtained. In particular, all quasipoints of a type /„ algebra are 
abelian (Thm. I34|l and the orbits of the action of the unitary group on the Stone 
spectrum Q{TZ) are parametrized by the quasipoints of the center of TZ (Thm. I36|l . 

2. Abelian quasipoints of von Neumann algebras 

In this section, we will regard quasipoints containing an abelian projection. It 
will be shown that there is a close relationship between the abelian quasipoints of 
a von Neumann algebra TZ and the quasipoints of the center of TZ. This result will 
be central to the classification of Stone spectra of type /„ von Neumann algebras. 

Definition 5. A quasipoint 05 C T'iTZ) is called abelian if it contains an abelian 
projection E G TZ. The set of abelian quasipoints of a von Neumann algebra TZ is 
denoted by Q'^^TZ). 
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Definition 6. The E-trunk QSg (E of a quasipoint *8 is the set 

:= {i^ e <B I F < E}. 

Obviously, is a filter basis. 

Lemma 7. The E-trunk uniquely determines the quasipoint 5B. 

Proof. Let *Bi, *B2 be two quasipoints whose £'-trunk is ^e- Let F he a. projection 
in Then we have E A F G ^e C If a quasipoint contains a projection, it 
contains all larger projections, so G ^2 and Si = follows. □ 

This lemma holds analogously for any lattice L, since no features of the von 
Neumann algebra are used. 

Definition 8. Let TZ C C{Ti.) be a von Neumann algebra, C QsiTi-) o, quasipoint 
containing E and 6 Cz TZ a partial isometry such that E = 9*6. We set 

6I(*Bb) {9F0* \ F G Se}. 

Lemma 9. IfTZ C C{Ti.) is a von Neumann algebra and 9 £ TZ is a partial isometry 
.such that E := 9*9, then for all projections Pjj G TZ such that Pjj < E it holds that 

9Pu9* = Peu- 

Proof. For x G U, we have 

9Pu9*9x = 9PuEx = 9x = Peu9x. 
If y G {9U)^, then 9*y eU^ and thus 

9Pu9*y = = Peuy- 

□ 

Obviously, 9{^e) is the 9E9*-tTunk of a quasipoint of TZ (given that 9*9 = E). 
We will denote the quasipoint induced by 9E9* by 9q{^e)- 

Remark 10. Since in general 9*9 ^ OS for an arbitrary partial isometry 9 and 
an arbitrary quasipoint 58, we have no action of the set of partial isometrics on 
the Stone spectrum Q(TZ). On the other hand, if 9 is unitary, we can define an 
operation, see subsection\^ 

Let 05 G Q'^^{TZ) be an abelian quasipoint, and let G be an abelian pro- 
jection. Each F £^E is a subprojection of the abelian projection E and hence of 
the form F — QE, where Q G 7^ is a central projection. Then Q G OS holds, so 
Q G S n C. If, conversely, Q G S n C holds, then QE G S^, therefore we have 

= {QE I Q G SnC}. 

The mapping 

Ce ■■ TZ'E — > TZ'Ce, 
T'E I — > T'Ce 
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is a ^-isomorphism (see Prop. 5.5.5 in |KadRinI97j V Since 

PEAQE = PQE = (P A Q)E, 

PEV QE = {P + Q)E - PQE = {P \J Q)E, 

C,e\<Se is a lattice isomorphism from onto (*B fl C)Ce- 2S n C is a quasipoint 
of 'P{C): obviously, 05 fl C is a filter basis V{C). Let /3 be a quasipoint in V{C) 
containing <B n C. Assume that P e /3\(<B n C). Then PCe £ n C) holds, 

therefore PE ^ S^. Then there is some QE £ Q5_e such that PQE = 0, so 
PCeQCe = PQCb = 0, but that contradicts PCe,QCe e (i. Thus «B n C is a 
quasipoint in V{C), and hence 

CeCBe) - (»nc)c,. 

In this manner, each abelian quasipoint 03 G 2°'' (7^) is assigned a quasipoint 
S n C e Q(C) of the center C of 7^. Moreover, the mapping 

C : Qm Q(C) 

Si — ^ snc 

is surjective, since each quasipoint /3 G Q(C) (being a filter base in V{TV}) is con- 
tained in some quasipoint 03 G 2(7?-) • 

Let 03,03 G Q"''(7^) be abelian quasipoints such that 

/3:=03nC = »nC. 

Let i5 G 03, G S be abelian projections. Since Ce, Cj^ G /3, CeCj^ G /3 holds and 
CeC^E G 58, CeCj^^E G 58 are abelian projections with the same central carrier 
CeC^. Hence, without loss of generality, one can assume Ce — C^. It follows that 
E and E are equivalent (see Prop. 6.4.6 in IKadRinlMTp . Let 6* G 7?. be a partial 
isometry such that 6*6 = E, 66* = E, therefore 6E6* = E. It follows that 

6'03£;r = {eQE6* I Q G /?} = {Q6Ee* I g G /?} 

= {QE I gG/3}^©^;, 
so ^ 

Conversely, let 03,58 be abelian quasipoints, and let G 7?. be a partial isometry such 
that E := 6*6 G 03,i? := 66* G ». From this, 6Iq(03) = 58 as shown. Let P G *B 
be abeUan, F < E. Then 6F is a partial isometry from {6F)*6F = FEE = P to 
6F6* G 03. Since dF6* is abelian, too, we can assume without loss of generality 
that E and E are abelian. From the definition of 6q, it follows that 

»^ = 6^Ed* = {6QEe* I Q G 03 n C} = {QP | Q G 03 n C} 

holds, so 

{PP I P G 58 n C} = {QP I Q G 03 n C}, 
and hence, since Ce = C^, 

{PCe I P G » n C} = {QCe | Q G 58 n C} 

^(»nc)c, = (03nc)c,, 

that is, 03 n C = 58 n C. Summing up, it is proven that: 
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Theorem 11. Let TZ be a von Neumann algebra with center C. Then the mapping 

C : Qm Q{C) 
OS I — > «Bnc 

is surjective. If G Q"'^{TZ) are two abelian quasipoints, then C(^) = C(^) 

holds if and only if there is a partial isometry 6 Cz TZ with 0g(Q3) = S. 

3. The action of the unitary group on the Stone spectrum Q{TZ) 

A unitary operator transforms a quasipoint in the obvious way: 

Definition 12. Let T e U{H) be a unitary operator. T acts ok <B G Q(7^) {d\ C 
cm) by 

{TET* \ E e^}. 

Lemma 13. r.*B is a quasipoint of the von Neumann algebra TTZT* . IfT G U{TZ), 
then r.«B e Q{n). 

Proof. We have 

T{E A F)T* < TET* A TFT*. 

Moreover, 

T*(TET* A TFT*)T < E A F, 
so T{E A F)T* = TET* A TFT*. Thus r.«B is a filter basis and hence contained 
in some quasipoint *B' G TTZT* . T*.Q5' also is a filterbasis. We have 

T*.(r.<B) 03 C r*.«B'. 
From the maximality of *B, equality holds. □ 

4. The Stone spectrum of a type /„ von Neumann algebra 

Let 7?. be a von Neumann algebra of type /„, n finite. We will show that every 
quasipoint 05 G QiTV) of TZ is abelian, i.e. contains an abelian projection. In order 
to do so, we will use the fact that TZ is (isomorphic to) a n x n-matrix algebra, 
albeit with entries from another von Neumann algebra, the center of TZ. We regard 
TZ as acting on the Hilbert module A" , which generalizes the vector space C" . The 
abelian projections will be those projecting onto "lines" of the form aA, where 
A := C{TZ) is the center of TZ. Of course, A is not a field and A"' is not a vector 
space, so we cannot use arguments for subspace lattices of finite-dimensional vector 
spaces directly (in which case every quasipoint is abelian). But we will introduce 
equivalence relations on A and that turn them into a field and an n-dimensional 
vector space, respectively, and show that after taking equivalence classes, enough 
of the structure remains intact to allow the conclusion that every quasipoint of TZ 
is abelian. The intuition from linear algebra carries through. From Thm. 1111 we 
know that the abelian quasipoints can be mapped to quasipoints of the center of 
TZ via 

C : Q^'iTZ) Q(C), 
05 1 — > 05nC, 

where two quasipoints 05, 05 are mapped to the same quasipoint of the center if 
and only if there is a partial isometry 9 e TZ such that ^q(05) = 05. Using the fact 
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that TZ is SL finite algebra, we can replace partial isometrics with unitary operators. 
This will allow us to specify the orbits of the unitary group U{TZ) acting on Q{TZ) 
(Thm. EHJ- 

4.1. Hilbert modules and the projections Ea- It is well known that each type 
/„ von Neumann algebra TZ is ^-isomorphic to M.n{A), the matrix algebra with 
entries from A = C{TZ), the center of TZ (see Thm. 6.6.5 in |KadRinII97| ). Let 
be the free right module over A consisting of n copies of A. Another common 
notation for M.n{A) is Endj\{A^), the algebra of ^-linear endomorphisms of A^. 
M„(^) acts on the Hilbert space Ti. :— ®"7i^, the n-fold direct sum of 7i^, which 
is the Hilbert space A acts on. We will not make use of Ti and the representation 
of M„(^) on it, because we will regard M„(^) as an algebra that acts on the A- 
module A^ from the left. Elements a — (ai © ... a„)* of A" are regarded as 
column vectors. The operation of M„(^) on A^ is a "matrix x vector" operation. 
(Since A is commutative. A" can be regarded as a left module as well. The chosen 
convention fits the natural structure of A^ as an M„(^)-^-bimodule.) 

A" has a canonical basis with basis elements 



L 

:= (0 ® ... © © 1 © © ... © 0)*, 

where 1 is the unit of A. With respect to this basis, a G A^ is denoted as 
a = (fli © ... © a„)*. The sign of transposition will be omitted from now on. 

There is an ^-valued product defined on A"" such that A"' becomes a Hilbert- 
^-module. Since A" is a right module, the inner product is ^-linear with respect 
to the second variable: 

n 

{a\b) = (ai © ... © a„|6i © ... © 6„) := ^ albk, 

k=l 

{a\ba) = {a\b)a — a(a\b) — (aa*\b) 

for a,b A"', a G A. In the second line the commutativity of A was employed. 
The inner product induces a norm on by 

H :=IH«)I^ 

where the norm on the right hand side is the norm on A. 

Let il := Q{A) be the Stone spectrum of A. Without loss of generality, we 
can assume A = C{fl). Let {fli, ...,17„) be a partition of O into closed-open sets 
^ 0, and let := x^ik- Then for all /3 G fi, 

k 

and hence |ai © ... © a„| = 1. Moreover, for k ^ j, 



(ofclaj) = alaj = 0, 
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that is, the au are pahwise orthogonal. But (the analogue of) Pythagoras' theorem 
does not hold, since for our example one obtains 

n 

|ai © ... ® a„p = 1< n = ^ \ak\^ . 

fe=i 

In general, operators on Hilbert modules are —different from those on Hilbert 
spaces— not (all) adjointable, which is due to the lack of self-duality of Hilbert 
modules, see for example I^QSl p 240]. A mapping T : E ^ E from a Hilbert 
module E to itself is called adjointable if there is a mapping T* such that 

{Ta\h) = {a\T*h) 

for all a,b £ E. The mapping T* is called the adjoint of T. One can show that if 
T is adjointable, then T* is unique, T** — T and both T and T* are module maps 
which are bounded with respect to the operator norm f |We093| Lemma 15.2.3]). 

For our purpose, we have to characterize the projections in 7?. ~ M„(^). 
Lemma 14. The elements o/M„(^) are adjointable, T = Tjk G M„(^) has adjoint 

Proof. Let a, 5 G yl", T = Tjk e M„(^). We have 

{Ta\h) = Y.^n,a,rh^ ^J2a*T*^bk 

^Y.''*i^V'bk^{a\T*b). 

□ 

The adjoint of T G M„(^) in the Hilbert module sense thus is the usual, Hilbert 
space adjoint of T. It follows that the projections of the von Neumann algebra 
M„(^) are the projections of the algebra B(^"') of adjointable operators of the 
Hilbert module A". (A projection P is ^-linear, so it is contained in Mn{A).) 

We will now introduce projections Ea that map from A" onto "lines" of the form 
aA let a G A" be such that p := (a|a) G ^ is a projection. Then 

\fk < n : pak — flfc, 

since for (3 G 2(^4) such that afc(/3) 0, one obtains p{(3) — J^j'^^'^j ^^'^ hence 
p(/3) = 1, since p is a projection. Here and in the following, the components G 
of a are identified with their Gelfand transforms. We get 

V/3 G Q{A) yk<n: {a^pm = afc(/3)p(/3) = afc(/3), 

so ap = a. 
Now define 

Ea : ^" 

b I — > a{a\b). 
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For all b,ce A'\ 

{Eab\c) = {a{a\b)\c) = {a\b)*{a\c) 
= {h\a){a\c) = {b\a{a\c)) 
= {b\Eac), 

so we have E* = Ea- Moreover, for all 6 G ,4", 

E^b = a{a\Eab) = a{a\a{a\b)) 
= a{a\a){a\b) — ap{a\b) 
= a{a\b) = Eab, 

so E"^ = Ea, that is, £"« is a projection with miEa C aA. In fact, equality holds: 
let 6 = aa G aA. Then 

a{a\b) = a(a\a)a = aa, 
therefore a A C \u\Ea- The central carrier Ce^ of Ea is /„(a|a): obviously, /„(a|a) 
is a central projection, since InA ~ ^ is the center of M„(^). It holds that 

Eab{a\a) = a{a\b){a\a) = a{a\a){a\b) 
= a{a\b) = Eab, 

so Ce^ < /„(a|a). Conversely, let InQ be a central projection such that qEa = 
EaQ = Ea. Then for ah e 

Eab = a{a\b) = qEab = qa{a\b) 

= a{a\qb) = E^iqb). 

In particular, one obtains 

Ea{qa) = Eaa 
■^^a{a\qa) = a{a\a) = ap = a 
■^^a{a\a)q = a 

<=^aq = qa = a 

=^ q{a\a) = qp = {a\a) = p 

^p<q, 

therefore, the central carrier of Ea is C^;^ = InP = /„(a|a). 
The Ea are of interest, because they are abelian projections: 

Lemma 15. Ea is an abelian projection from A"' onto aA with central carrier 
In{a\a). 

Proof. It only remains to show that Ea is abelian. Let A,Bg M„(^). Then it 
holds for all b e A^ that 

EaAEaBEab = EaAEa{Ba){a\b) = Ea{Aa){a\Ba){a\b) 

= a{a\Aa){a\Ba){a\b) = a{a\Ba){a\Aa){a\b) 

= Ea{Ba){a\Aa){a\b) = EaBEa{Aa){a\b) 

= EaBEaAEab, 

so EaAEaBEa = EaBE^AEa. □ 
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Ea is a projection in M„(^) if {a\a) is a projection in A. The converse is also 
true: 

Remark 16. Let a € be such that Ea is a projection. Then (a|a) € A is a 
projection. 

Proof. Prom E^ = E^, a{a\b) = a{a\Eab) = a{a\a){a\b) for all b e A"". For b = a, 

a{a\a) = a{a\a)^. 
This means that (a|a) e {0, 1} holds on the support 

supp a := ^J supp ak = supp{a\a). 

If P e n = Q{A) is such that (a|a)(/3) ^ 0, then ak{/3) holds for at least 
one k < n and thus (a|a)(/3) = 1. So (a|a) = 1 holds on supp{a\a) and (a|a) is a 
projection. □ 

If ai,...,a„ G A are projections and a := ^^.akCk, then is a projection if 
and only if the Ofe are pairwise orthogonal, because, according to its definition 
and the above remark, Ea is a projection if and only if (a|a) is a projection. For 
a := '^k'^k^k, we have (a|a) = X^/^afe, and this is a projection if and only if the ak are 
pairwise orthogonal. Furthermore, ^k'^kEe^ — Y^k^a-uek (the ak are projections 
again): for all b e A^ , it holds that 

(^afe£'eJ6 = ^cifeefe(efc|6) = ^afeefe(efe|6) 

fe 

k k 

k 

Lemma 17. A := Y^k=i^kEek is a projection if and only if all the ak are projec- 
tions. In this case, the central carrier of A is Ca = In(^ k^k)- 

Proof. From (ej|efe) = 5jkek we get 

Vc G : Ee^Ee^c = ej{ej\Ee^c) = ej{ej\ek){ek\c) = SjkEjc, 

so Ee-Ee^ = SjkEej ■ A != J2k=i^kEek is a projection if and only if = ak holds 
for all A; < n and if A"^ = A. Since we have 

n n 

^ = C^O^kEekf = X] ajdkEe^Ee^ 
k=l j,k=l 
n n 

j,k=l j=l 

this holds if and only if all the aj € A are projections. Ca = k'^^) holds then, 
obviously. □ 

Remeirk 18. With respect to the basis (ei,...,6„) of A", Ea has the matrix 

{Ea)jk = {aja*k)j^k<n- 
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Proof. It holds that 

Eaek = a{a\ek) = a^^a*Sjk 
j 

j 

3 

□ 

The projections Ea are special cases of the so-called ket-bra-operators (see 
e.g. |GVF01I p 71]). These (and their symbolic Dirac notation) are defined as 

\r){s\:E^F, 

b^r(s\b), 

where E and F are Hilbert modules over a C*-algebra A, r € F and s € E. For 
E = F,we have Ea — \a){a\. There are some relations among the ket-bra-operators: 

r{s\ba) — r{s\b)a, 
\r){s\*^\.s){rl 
\r){s\o\t){u\ = \r{t\s)){u\ = \r){uis\t)\ 

hence the finite sums of ket-bra-operators from E to E form a self-adjoint algebra 
End^{E) contained in Endj^{E). The operators in EndP^{E) are called operators 
of ^-finite rank. The norm closure EndP^{E) of EndP^{E) contains the so-called 
y^-compact operators. Clearly, End^{A'^) — M„(^) holds. 

4.2. The modules aA. We now turn to the examination of the modules aA onto 
which the Ea project. This subsection is quite technical. After showing how to 
"normalize" an arbitrary a e yl"\{0} to a such that (a|a) and Ea are projections 
with aA — aA, we define the support S{M) of a projective submodule M C A^ 
and show that there is an a G M such that S(a) = S{M) if M is finitely generated. 
This is used in the proof that the finitely generated projective submodules of A^ 
for which Endj\^{M) is abelian are exactly those of the form aA = aA. To show 
this, we also need the fact that End°j^{PA^) = PM„(^)P holds (Lemma 2.18 in 

\(Whm\ ). 

All this is a preparation for the following subsection, where quasipoints of 7?. ~ 
M„(^) are regarded as families of projective submodules of A^ rather than families 
of projections. 

Lemma 19. Let a G A"" . aA is a closed submodule of A". 

Proof. Let {aan)neN be a sequence in aA converging to 6 e As before, let 

suppa := Ufc<Ti'S'"Ppafc, then suppa = supp(a\a). Without loss of generality, one 
can assume that an{f3) = holds for (3 ^ suppa, since the sequence (aan) remains 
unchanged by that. From 

|aa„ - aamP = l^n - amP(a|a) 
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for all rt, m e N it follows that {an)neN is a Cauchy sequence in A. Thus (a„)„eN 
converges to some a € A and we get 

\aan ~ aap — |q;„ — Q;p(a|a) — > for n > cx), 

that is, b — aa G aA. □ 



Let M C be some submodule. The orthogonal complement M-^ of M is 
given by (see |We093[ p 248]) 

;= {b e A" I Va e Af : (6|a) = 0}. 

For M = aA, we obtain 

(a^)^ ^{beA"\yaeA: {b\aa) = 0} 
= {6 e A" I Va e ^ : {b\a)a = 0} 
= {be A' I (&|a) = 0}. 

Obviously, M n Af-'- = holds for any submodule M. A submodule M is called 
complementable if M © = A^ holds. One can show that M is comple- 
mentable if and only if it is the image of some projection (Cor. 15.3.9 in |We093j V 

Subsequently, it will be demonstrated how to normalize an arbitrary a € A"'\{0} 
to a such that (a\a) is a projection in A and is the projection in M„(^) onto 
aA = aA. Let a G ^"\{0} be such that (a|a) is not a projection. For n G N, let 

A„ I (a|a)(/3) > -}. 

n 

An is open and An is open and closed, since O is extremely disconnected. For an 
appropriate no G N, An 7^ holds for all n > no- 



Let a„ G ^ be defined by 
a„(/3) := 
Then aan G aA and 

{aan\aan) — {a\a)an 



{a\a)iP) 2 for P e An 
for /3 ^ a; 



1 on An 

on ri\A^ 

therefore (aa„|aa„) is a projection in A. Let £'„ := Eaa„ be the projection onto 
aUnA given by aan- According to the definition of a„, UnA is the closed ideal 

anA = {a G ^ I suppa C An} — Xa^-^- 
For these ideals it holds that 

Vn G N : anA C Un+iA. 



Moreover, with S{a) :— suppa C O = Q{A), it holds that Un ct"-^ = -^X5(a): the 
inclusion "C" is clear from A„ C S{a). Let b G be such that S{b) C S'(a), with 
no loss of generality 6 > 0. Then {bx—)n>na is increasing monotonously. One gets 
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From 

[jA„^{f3en\ {a\am>0}, 

n 

we have 



(J^„ = |jA„ = 5(a) 

n n 

and thus sup„ = xs{a), therefore 

b = sup &Xa;7- 

n 

According to Dini's theorem, bx— converges uniformly to &, and we have shown 
that 1J„ anA = Axsia) holds. 

The central carrier of the projection £"„ is Xa~- < En+i holds, since for all 
b€A", 

EnEn+ib = aan{aan\Eaa„+ib) = aan{aan\aan+i){aan+i\b) 
= aa„(aa„+i|aa„+i)(aa„|6) = aanXA:;^('^^n\b) 
= aa„(aa„|6) = £'„6, 



where we used S{aan) = An C An+i in the penultimate step. Let E VneN^"- 
The image of En is aAx—i so 

im E = aAxs{a) = aA. 

When defining i?, one cannot simply assume the properties of the Hilbert space 
situation. 

The sesquilinear form 

A" xA'^^A, 
(&, c) ^ {Enb\c) 

can be written as 

{Enb\c) = (aa„(aa„|5)|c) = a* (a|c)(aa„|5)* 

= ania\c){b\a)an = XA:;^{aia\ay^\c){b\a{a\ay^), 

and for n — > oo, the right hand side converges to 

{Eb\c) := xs(a){a{a\ay^\b){a{a\a)-i\c). 

Here we use the fact that every bounded continuous function / on an open dense 
subset G C of the Stone space fl can be extended to a continuous function / 
on the whole of ft (see Cor. III. 1.8 in |TakI02| 'l: the support S{a) — suppa C ft 
is open and closed, G{a) := {(H € ft \ a{(3) ^ 0} is open and dense in S{A) and 
the mapping a(a\a)~^ : G(a) —>■ C" is continuous und bounded, therefore it can 
be extended to a continuous mapping S{a) C", which will also be denoted by 
a{a\a)~2. Define 



aW) 



a{a\a) 2 for (3 G S{a) 
for f3 e n\S{a) 
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and from this, Eu- Then it holds for all 6, c G A" that 

{E~ab\c) = {a\c){a\b) = Xs(a){a{a\ay^\c){a(a\ayi\b). 

Obviously, Ea is the same as the limit E of the projections En defined above. 
We showed both ways of the definition, because we will need the sets An for the 
following lemma. 

Let a e ^"\{0}, and let a G A" be as defined above. Then 

(a\a) — {a\a)^^ {a\a) = 1 
holds on G{a) and hence also on S{a). Thus (a|a) is a projection in A. 
Lemma 20. For the closed submodules, we have aA = aA. 

Proof. From {jn-^X'X^ = Axs(a), one gets aA =Un'^-^XAr- Moreover, it holds that 
It follows from this and S{a) — S{a) that 

□ 

Of course, a = a if (a|a) is a projection in A, so one obtains 

Proposition 21. For every a G A" , Ea is an abelian projection with image aA. 

Ea is the unique projection from A^ onto aA: let Q : A'^ — > aA be a projection. 
Then 

Vc G (aA)^ : {Qc\Qc) = {Qc\c) = 0, 
so Q|(a^)i = 0. Let Qa = aa. From — Q, aa^ — aa, therefore a(/3) G {0,1} 
on S{a). Since QA^^ = aA, it follows that a = 1 holds on S{a), so Qa — a. Let 
b G .4", 6 = a7 + a' be such that j G A and a' G (a^l)^. Such a decomposition 
exists, since aA is the image of a projection and hence a complcmcntablc submodule 
of A". We have Qb =^ aj and 

ii^afc = a(a|6) = a(a\a)^ = a(a\{a\a)^a)^ 

= a{a\a)^"f = aj — Qb, 

so Q = Ea. 

Next, we will define the support of a submodule M C A^. For this, we will need 

a 

Remark 22. Let U,V Cfl be open. IfUnV^0, then UnV ^ 0. 

Proof. Let U n F ^ and /3 G U n F. Since C7 is open, C7 n F ^ 0. Since F is 
open, UnV ^ 0. □ 

Let M be a projective submodule of i.e. M = PA"' for some projection 
P G M„(^) (see p 89 in [gyFOl ). Then M is finitely generated. 

ann{M) -.^ {aeA \ Ma = 0}, 
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the annihilator of M, is a closed ideal in A. Let M be finitely generated, 
{gi, ...,gr} C M a system of generators. For a E A, let P{a) := {/? S f2 | a{(3) ^ 0} 
and for a e let P(a) := {w e O | a{Lu) =^ 0}. Then 

aa = P{a) n P{a) = 0, 

and thus, according to the above remark, 

aa = S{a) (1 S{a) = 0. 

Let 

P(M) := {/? e I 3a G M : /3 G P(a)}. 



S{M) := P{M) is called the support of M. Since {(Ji, ffr} is a system of 
generators of M, P{M) = Ufc<r^(5fe) holds and hence S{M) = Ufe<r'5'(5fe) = 
UaeM^i^)- '^^^ ^(M) is open and closed, a G ann{M) holds if and only if 
agifc = for all fc < r, therefore 

a G ann{M) 

<s=^5'(a) n S'Cgfe) = (fc < r) 
^S'(a) n S'(M) = 
^S-Ca) C n\S'(M) 
<^a|s(M) = 0. 

This shows: 

Remark 23. ariri{M) is the vanishing ideal of the closed-open set S{M). 

Lemma 24. InXs{M) is the central carrier of the projection Pm G M„(^) from 
onto M. 

Proof. Since Xs(m) = 1 on S{a) for all a G M, we have Xs(m)0 = a for all a G M 

and hence Xs{m)Pm = Pm, i-e. Cp(^m) < InXS(M)- Let p G ^ be a projection such 
that /„p > Pm- Then pa = pPm<i = Pmcl = a for all a G M, so p = 1 on S'(a), 
that is, p > xs{a)- It follows that p > Xs{m)- □ 

Lemma 25. Let M he a finitely generated, projective suhmodule of A^ , and let 
a,beM. Then there is ac€ M such that S{a) U 5(6) C 5(c). 

Proof. Regard the decomposition b = aa + a' with a E A and a' E (aA)'^ . Such 
a decomposition always exists, since aA is a projective and hence complementable 
submodule of A"'. Therefore each b G A^ can be decomposed, in particular each 
6 G M C A"'. We have a' = 6 - aa G M, so a + a' G M and 

{b\h) = a'*Q:(a|a) + (a'|a'), 

(a + a'|a + a') = (a|o) + (a'|a')i 

therefore 

(a|a)(/3)>0 =^ (a + a'|a + a')(/3) > 0, 

(6|6)(/3) > (a|a)(/3) > or {a'\a'){0) > 

=4> {a + a'\a + a'){l3) > 0. 

It follows that 5(a|a) := supp{a\a) C S{a + a'\a + a') and 5(6|6) C 5(a + a'|a + a'), 
that is, 5(a) U 5(6) C 5(a + a'). □ 
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Corollary 26. Let M he as before. Then there is ana M such that S{a) = S{M). 
a can he chosen such that (a|a) is a projection. 

Proof. Let ui, Ur G M with M = uiA+...+UrA. According to the lemma above, 
there is an a e M such that S{M) = Ufe<r'5'("fc) ^ S{a) C S{M), so S{M) = S{a). 
Since aA = aA Q M, a € M, (a\a) is a projection and S(a) = S{a). □ 

Lemma 27. For ket-bra-operators \b){a\,\v){u\ £ M„(^) it holds that \b){a\ o 
\v){u\ ^ {a\v)\b){u\ (a,b,u,v e M CA"). 

Proof Let ce M. Then 

\b){a\ o \v){u\{c) = b{a\\v){u\{c)) = b{a\v{u\c)) 
= b{a\v){u\c) = {a\v)\b){u\{c). 

□ 

Let AI = PA" be a projective submodulc. Lemma 2.18 in |GVF01) teUs us that 
End\{M) = PMn{A)P, hence if P is abehan, so is End\{PA'^) and, in particular, 
EncP^{P A"") is abelian. We will now characterize the finitely generated projective 
submodules M C A" for which End^(M), the set of ^-linear mappings of ^-finite 
rank from M to itself, is abelian. Let M be such a module. Let ui, ...,Ur G M be 
generators of M such that {uk\uk) G ^ is a projection for all k < r. Moreover, let 
a G M be such that (a|a) is a projection and S{a) — S{M) holds. Then 

\uk){a\ o |a)(ufe| = {a\a)\uk){uk\ 

is a projection from M onto {a\a)ukA, and 

\a){uk\ o \uk){a\ = {uk\uk)\a){a\ 

is a projection from M onto {uk\uk)aA. Since End^{M) is abelian by assumption, 
we get 

\/k < r : {a\a)ukA — {uk\uk)aA, 
and since S{a\a) = S{M), it holds that 

\fk < r : UkA — {uk\uk)aA C aA. 

Thus it follows that 

M ^ UkA C C M, 

A: 

that is, M = a,4, so M is simply generated. Summing up, we have shown: 

Proposition 28. A projection P G M„(^) = Endj\,{A"') is abelian if and only if 
there is an a £ A" such that P = Ea. Then {a\a) £ A is a projection and /„(a|a) 
is the central carrier of Ea ■ For a G ,4" , FJa is the unique projection onto the 
simply generated submodulc aA of A"' . This submodulc is projective. aA is free if 
and only if S(a) = Q = Q{A), i.e. if Ea has central carrier In- 
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4.3. The equivalence relation on A" and abelian quasipoints of 7'(M„(^)). 
In the following, we will regard quasipoints 03 of V{Mn{A)) as families of projec- 
tive submodules of rather than families of projections. The filter basis property 
of quasipoints will allow us to define a certain notion of germs on A and A" and 
reduce the situation to that of finite dimensional vector spaces. The results known 
from that simple part of the theory (see Prop. 0)) easily show that each quasipoint 
S G Q(M„(^)) contains a submodule of the form qqA and hence is abelian. 

So let S £ Q{M.n{A)) a quasipoint, regarded as a family of projective submod- 
ules M of We have 

Pmhn = Pm a P/v, 

if M, N as well as M D N are algebraically finitely generated (see Sec. 15.4 of 
|We()98n . 

Let Pm A P/v be the minimum of the projections Pm, Pn G M„(^). Then 

Pm^Pn = Pk, 

where K is the largest finitely generated closed submodule of A"' such that K C 
M n N holds. We will use the notation K = M A N. 

As mentioned above, InA is the center of M„(^). 

/3 » n InA 
is a quasipoint of A, and it holds that 

p ~ {xs(M) I M e <8}. 
This can also be expressed in the following way: 

VM e «B : /5 G IJ Sia) 

aeM 

^VA/e»:x5(M)(/3) = l. 

Notice the double role of /?: on the one hand as an element of the Stone spectrum 
(that is, the Gelfand spectrum) Q{A) of the center InA ~ ^ of M„(^), on the 
other hand as a collection of characteristic functions XS{M) on this Stone spectrum. 

We now define an equivalence relation on A" that amounts to taking germs: 

Definition 29. Let n G N. Two elements a, b of A" are called equivalent at the 
quasipoint (3 G Q{A), if there is a p € (3 such that pa — ph. Notation: a b. 

really is an equivalence relation: symmetry and reflexivity are obvious. Let 
a ~^ 6, b c, then there are p,q ^ (3 such that pa — pb, qb = qc ^ pq £ f3 and 
pqa = pqb = pqc, therefore a c. Let [a\f3 be the equivalence class of a G A^ , and 
let := {[a]p \ a G A^}. 

Theorem 30. (i) [A\p is afield, 

(ii) [A^]f3 is an n- dimensional vector space over [A\p. 

Proof. Let a, 5 G yl". Then 

Hp + [h]p [a + h]p 
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is well defined, and also, for a € A, 

is well defined: from a a' ,b b',a a' it follows that there exist p,q,r G P 
such that 

pa = pa', qb = qb', ra = ra' 
=>pq{a + b) = pqa + pqb = pqa' + pqb' = pq{a' + b') 



and 

Furthermore, 



pr{aa) = pa{ra) =pa'{ra') =pr{a'a'). 



defines a multiplication (a,7 e it holds that 

a ~^ 



^3pe(3 



pa = 

P{p) n P{a) = 
S{p) n S{a) = 



^ S{a). 

Let a G A he such that [alp ^ 0. Then Q:*a > £ > holds on a closed-open 
neighbourhood W of (3 in Q — Q{A), since from pa ^ for all p S /3 and p{(3) = 1, 
it follows that a{uj) ^ holds on a neighbourhood of (3. Thus XwOi is invertable 
on W and there is a 7 € C(r2) such that 5(7) = W and XwQ^T = Xw, that is, 
a7 1, so [q:]/3[7]/3 = 1. Since obviously the algebraic rules for multiplication 
and addition are fulfilled, it follows that [A]i3 is a field and [»4"]/3 is a vector space 
over [A]i3. {[ei]p, ...,[en]p) is a basis of [-4"]/3: let o e A^,a — J2k=i^kak, then 
W/3 = J2kl'^k]p[ak])3; if Z]fc[efe]/3[7fe]/3 = 0, then there is some p € (3 such that 

=P^efe7ft = ^eft(p7^;), 
k k 

so jry/s = for all k, that is, [yklp = for all k. Thus we have 

dim[^]^[>l"]/3 = n. 

□ 



Let C be a submodulc. Then [M]/3 := {[a]/3 | a G M} is a subspace of 

[^"]/3. If iV C A" is another submodule, then 

Lemma 31. [M n N]p = \M\p n \N\p. 

Proof. The inclusion "C" is trivial. Let [a]p € [M]pr\ [Njp. Then [a]p = [b]p holds 
for some b G N, so pa — pb for a, p & (3 and hence pa € M Ci N. Since p ^p 1 in A 
{p is a projection), it follows that [a]p = \pa]p G [M n N]p. □ 

Corollary 32. M, TV e <B ^ [M A TV]/? C [M];3 n [N]p. 

Proof. This follows from the lemma and M AN CMnN. □ 
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Let M E 5B, then [AI]fs ^ 0: assume that [M]p = 0. Then 

Va G M 3pa e P : Paa = 
=^ya e M : (3 S{a), 
but (3 e S{M) = [j^^j^j S'(a), since M e <B. Thus we get 

Remark 33. 05/3 := {[M]/3 | M e <B} C L([^"]/3) is a /iZter basis in the lattice of 
subspaces of [A"']fj. 

Proof ^ <B/3 and for [M]f3, [N]/! £ 05/3, it holds that [M]p n[N]pD [M hN]f3 E 
05/3. □ 

Let 05/3 be a quasipoint of L([^"]^) containing 05/3. There is exactly one line 
[ao]/3[^]/3 e 5B/3 such that 

VAf G'8:[ao]/3[^]/3C[M]/3, 

because the discussion concerning atomic quasipoints for the lattice of subspaces 
of finite dimensional vector spaces holds (see Prop. 0J. Of course we have oq '^/3 0. 
It remains to show that a^A f\ M ^ Q holds for all M e 05. We have PaoA = £^5^0 
and, since pm^qA C M holds for some appropriate pm G /3, we obtain 

Ep^,a„ < Pm 
^^PAlEao < Pm- 
From this, it follows (since ao ^ 0, we have pmo-q ^ for all pM G /?): 
Pm a Esto > PmEsto A = PmEs^ > 0, 

so Pm a E^g 0, that is, oqA A M 7^ 0. Since *B is a quasipoint, uqA G S holds 
from maximality. Summing up, we have shown: 

Theorem 34. All quasipoints ofM.n{A) are abelian. 

The following remark clarifies the relation between several abelian projections 
in a single quasipoint: 

Remark 35. Let Ea,Eb G 05 6e abelian projections. There is some r G V{A) such 
that rEa = rEi, . 

Proof. Ec :— Ea A Ei, is an abelian projection in 5B, so there are p,q E ViA) such 
that Ec — pEa — qEb. Then Ec = pEa = p^Ea — pqEb holds and also Ec — pqEa- 
If J3 ^ /3, then 1 — p G /3 and thus 

Q={l-p)pEa = {l-p)Ec€'&, 

contradicting ^ 05. Hence p G /3 and also q € (3, so pq E /3 and 

pqEa ^pqEb. 

□ 



If 7?. is a type /„ algebra with trivial center, i.e. TZ ~ M[„(C) ~£(C"), then there 
are only atomic quasipoints (see Prop. ^ again). An atomic quasipoint is of the 
form 

Sc. := {P e V{n) I Po, < P}, 
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where x G ?^\{0}. Of course, Pcx is an abclian projection, too. The Stone spectrum 
Q{TV) is discrete in this case, since atomic quasipoints are isolated points of the 
Stone spectrum 2(7?-). 



As a corollary of the results proved above, we obtain the main result: 

Theorem 36. Let TZ be a type In von Neumann algebra. The quasipoints of A = 
C{TZ) parametrize the orbits of the unitary group U{TZ) acting on the Stone spectrum 

Q{n) ofn. 

Proof All quasipoints of TZ are abelian (Thm. OH), i.e. we have Q{TZ) = Q'^''{A). 
Using this, we apply Thm. 1111 the mapping 

C : Q°'(7^) Q{A), 
» I — y^nA 

is surjective. Since TZ is finite, we can replace partial isometrics by unitary operators 
in Thm. Therefore, C(^) = C(^) holds if and only if there is a unitary U eTZ 
such that [/.<8 = S (see Def. [T21). It follows that the quasipoints of ^ = C{TZ) 
parametrize the orbits of the unitary group U{TZ) acting on Q{TZ). □ 

5. Acknowledgement 

I would like to thank H. de Groote for many helpful discussions and substan- 
tial support. Financial support by the Studienstiftung des Deutschen Volkes is 
gratefully acknowledged. 

References 

[Bir73] G. BirkhofT, Lattice Theory (Revised Edition) (Amer. Math. Soc, Providence 

1973) 

[BirvNeu36] G. Birkhoff, J. von Neumann, "The logic of quantum mechanics", Ann. of Math. 
37 (1936), 823-843 

[Doe04] A. Doring, "Kochen-Specker theorem for von Neumann algebras", 

|http: / / /de.arXix.org/abs/quant-ph/0408106| accepted for publication in 
Int. Journal of Theor. Phys. 

[GVFOl] J. M. Gracia-Bondia, J. C. Varilly, H. Figueroa, Elements of Noncommutative 

Geometry (Birkhauser, Boston, Basel, Berlin 2001) 
[deGOl] H. F. de Groote, "Quantum Sheaves", preprint, 

http: / /de. arxiv.org/abs/math-ph/0110035 
[deG05] H. F. de Groote, Observables, Part I-IV (to appear 2005) 

[KadRinI97] R. V. Kadison, J. R. Ringrose, Fundamentals of the Theory of Operator Algebras 

I (AMS, Providence, Rhode Island 1997) 

[KadRinII97] R,. V. Kadison, J. R. Ringrose, Fundamentals of the Theory of Operator Algebras 

II (AMS, Providence, Rhode Island 1997) 

[KocSpe67] S. Kochen, E. P. Specker, "The problem of hidden variables in quantum mechan- 

ics". Journal of Mathematics and Mechanics 17 (1967), 59-87 

[Sto36] M. H. Stone, "The theory of representations for Boolean algebras". Trans. Amer. 

Math. Soc. 40 (1936), 37-111 

[TakI02] M. Takesaki, Theory of Operator Algebras I, reprint of the 1979 edition (Springer, 

Berhn, Heidelberg, New York 2002) 

[We093] N. E. Wegge-Olsen, K-Theory and C* -Algebras, A Friendly Approach (Oxford 

University Press, Oxford, New York, Tokyo 1993) 
E-mail address: adoeringamath.unl-frankfurt.de 



